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Chapter 1

Optimization Models

1.1 Introduction
Optimization models attempt to express, in mathematical terms, the goal of solving a prob-
lem in the ÒbestÓ way. That might mean running a business to maximize proÞt, minimize
loss, maximize efÞciency, or minimize risk. It might mean designing a bridge to minimize
weight or maximize strength. It might mean selecting a ßight plan for an aircraft to mini-
mize time or fuel use. The desire to solve a problem in an optimal way is so common that
optimization models arise in almost every area of application. They have even been used
to explain the laws of nature, as in FermatÕs derivation of the law of refraction for light.

Optimization models have been used for centuries, since their purpose is so appeal-
ing. In recent times they have come to be essential, as businesses become larger and more
complicated, and as engineering designs become more ambitious. In many circumstances
it is no longer possible, or economically feasible, for decisions to be made without the aid
of such models. In a large, multinational corporation, for example, a minor percentage im-
provement in operations might lead to a multimillion dollar increase in proÞt, but achieving
this improvement might require analyzing all divisions of the corporation, a gargantuan
task. Likewise, it would be virtually impossible to design a new computer chip involving
millions of transistors without the aid of such models.

Such large models, with all the complexity and subtlety that they can represent, would
be of little value if they could not be solved. The last few decades have witnessed aston-
ishing improvements in computer hardware and software, and these advances have made
optimization models a practical tool in business, science, and engineering. It is now possible
to solve problems with thousands or even millions of variables. The theory and algorithms
that make this possible form a large portion of this book.

In the Þrst part of this chapter we give some simple examples of optimization models.
They are grouped in categories, where the divisions reßect the properties of the models as
well as the differences in the techniques used to solve them. We include also a discussion of
systems of linear equations, which are not normally considered to be optimization models.
However, linear equations are often included as constraints in optimization models, and
their solution is an important step in the solution of many optimization problems.
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Figure 1.1. Nonlinear optimization problem. The feasible set is the dark line.

In the last section of this chapter we give some examples of applications of optimiza-
tion. These examples reßect families of problems that are either in wide use, orÑat the
time of writing of this edition of the bookÑare subject of intense research. The examples
reßect the tastes of the authors; by no means do they constitute a broad or representative
sample of the myriad applications where optimization is in use today.

1.2 Optimization: An Informal Introduction
Consider the problem of Þnding the point on the linex1 + x2 = 2 that is closest to the point
(2, 2)T (see Figure 1.1) . The problem can be written as

minimize f (x) = (x1 − 2)2 + (x2 − 2)2

subject to x1 + x2 = 2.

It is easy, of course, to see that the problem has an optimum atx! = (1, 1)T.
This problem is an example of an optimization problem. Optimization problems

typically minimize or maximize a functionf (called theobjective function) in a set of
pointsS (called thefeasible set). Commonly, the feasible set is deÞned by some constraints
on the variables. In this example our objective function is the nonlinear functionf (x) =
(x1−2)2+(x2−2)2, and the feasible setS is deÞned by a single linear constraintx1+x2 = 2.
The feasible set could also be deÞned by multiple constraints. An example is the problem

minimize f (x) = x1

subject to x2
1 ≤ x2

x2
1 + x2

2 ≤ 2.

The feasible setS for this problem is shown in Figure 1.2; it is easy to see that the optimal
point isx! = (−1, 1)T. It is possible to have anunconstrained optimization problem where
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Figure 1.2. Nonlinear optimization problem with inequality constraints.

there are no constraints, as in the example

minimize f (x) = (ex1 − 1)2 + (x2 − 1)2.

The feasible set S here is the entire two-dimensional space. The minimizer is x! = (0, 1)T,
since the function value is zero at this point and positive elsewhere.

We see from these examples that the feasible set can be defined by equality constraints
or inequality constraints or no constraints at all. The functions defining the objective func-
tion and the constraints may be linear or nonlinear. The examples above are nonlinear
optimization problems since at least some of the functions involved are nonlinear. If the
objective function and the constraints are all linear, the problem is a linear optimization
problem or linear program. An example is the problem

maximize f (x) = 2x1 + x2
subject to x1 + x2 ≤ 1

x1 ≥ 0, x2 ≥ 0.

Figure 1.3 shows the feasible set. The optimal solution is clearly x! = (1, 0)T.
Consider now the nonlinear optimization problem

maximize f (x) = (x1 + x2)
2

subject to x1x2 ≥ 0
−2 ≤ x1 ≤ 1
−2 ≤ x2 ≤ 1.

The feasible set is shown in Figure 1.4. The point xc = (1, 1)T has an objective value of
f (xc) = 4, which is a higher objective value than any of its “nearby” feasible points. It is
therefore called a local optimizer. In contrast the point x! = (−2, −2)T has an objective
value f (x!) = 16 which is the best among all feasible points. It is called a global optimizer.
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6 Chapter 1. Optimization Models

1 

2 −

−1 −

1 2
|

0 

x2

x1

x!

Figure 1.3. Linear optimization problem. The feasible region is shaded.
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Figure 1.4. Local and global solutions. The feasible region is shaded.

The methods we consider in this book focus on finding local optima. We will usually
assume that the problem functions and their first and second derivatives are continuous. We
can then use derivative information at a given point to anticipate the behavior of the problem
functions at “nearby” points and use this to determine whether the point is a local solution
and if not, to find a better point. The derivative information cannot usually anticipate the
behavior of the functions at points “farther away,” and hence cannot determine whether
a local solution is also the global solution. One exception is when the problem solved
is a convex optimization problem, in which any local optimizer is also a global optimizer
(see Section 2.3). Luckily, linear programs are convex so that for this important family of
problems, local solutions are also global.
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1.3. Linear Equations 7

It may seem odd to give so much attention to Þnding local optimizers when they are not
always guaranteed to be global optimizers. However, most global optimization algorithms
seek the global optimum by Þnding local solutions to a sequence of subproblems generated
by some methodical approximation to the original problem; the techniques described in the
book are suitable for these subproblems. In addition, for some applications a local solution
may be sufÞcient, or the user might be satisÞed with an improvement on the objective value.
Of course, some applications require Þnding a global solution. The drawback is that for
a problem that is not convex (or not known to be convex), Þnding a global solution can
require substantially more computational effort than Þnding a local solution.

Our book will also assume that the variables of the problems are continuous, that is,
they can take a continuous range of real values. For this reason the problems we consider
are also referred to ascontinuous optimization problems. Many variables such as length,
volume, weight, and time are by nature continuous, and even though we cannot compute
or measure them to inÞnite precision, it is plausible in the optimization to assume that they
are continuous. On the other hand, variables such as the number of people to be hired,
the number of ßights to dispatch per day, or the number of new plants to be opened can
assume only integer values. Problems where the variables can only take on integer values
are calleddiscrete optimization problems or, in the case where all problem functions are
linear, integer programming problems. In a few applications it is sufÞcient to solve the
problem ignoring the integrality restriction, and once a solution is obtained, to round off
the variables to their nearest integer. Unfortunately rounding off of a solution does not
guarantee that it is optimal, or even that it is feasible, so this approach is often inadequate.

While a discussion of discrete optimization is beyond the scope of this book, we will
mention that such problems are much harder than their continuous counterparts for much
the same reason global optimization is harder than local optimization. Since at a given point
we only have information of the behavior of the function at Ònearby points,Ó there are no
straightforward conditions that can determine whether a given feasible solution is optimal.
Hence the solution process must rule out either explicitly or implicitly every other feasible
solution. Thus the search for an integer solution requires the solution of a potentially large
sequence of continuous optimization subproblems. Typically the Þrst of these subproblems
is arelaxed problem, in which the integrality requirement on each variable is relaxed (omit-
ted) and replaced by a (continuous) constraint on the range of the variable. If, for example,
a variablexj is restricted to be either 0, 1, or 2, the relaxed constraint would be 0! xj ! 2.
Subsequent subproblems would typically include additional continuous constraints. The
subproblems would be solved by continuous optimization methods such as those described
in the book.

Continuous optimization is the basis for the solution of many applied problems, both
discrete and continuous, convex or nonconvex. The examples in this chapter reßect just a
small fraction of such applications.

1.3 Linear Equations
Systems of linear equations are central to almost all optimization algorithms and form a
part of a great many optimization models. They are used in this section to represent a data-
Þtting example. Aslight generalization of this example will lead to the important problem of
least-squares data Þtting. Linear equations are also used to represent constraints in a model.
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8 Chapter 1. Optimization Models

Finally, solving systems of linear equations is an important step in the simplex method for
linear programming and Newton’s method for nonlinear optimization, and is a technique
used to determine dual variables (Lagrange multipliers) in both settings. In this chapter
we only give examples of linear equations. Techniques for their solution are discussed in
Appendix A.

Our example is based on Figure 1.5. The points marked by ¥ are assumed to lie on
the graph of a quadratic function. These points, denoted by (ti , bi)

T, have the coordinates
(2, 1)T, (3, 6)T, and (5, 4)T. The quadratic function can be written as

b(t) = x1 + x2t + x3t
2,

where x1, x2, and x3 are three unknown parameters that determine the quadratic. The three
data points define three equations of the form b(ti) = bi :

x1 + x2(2) + x3(2)2 = 1

x1 + x2(3) + x3(3)2 = 6

x1 + x2(5) + x3(5)2 = 4

or

x1 + 2x2 + 4x3 = 1
x1 + 3x2 + 9x3 = 6
x1 + 5x2 + 25x3 = 4.

The solution is (x1, x2, x3)
T = (! 21, 15, ! 2)T, or

b(t) = ! 21 + 15t ! 2t2,

and is graphed in Figure 1.5.
This approach to data fitting has many applications. It is not unique to fitting data

by a quadratic function. If the data were thought to have some sort of periodic component
(perhaps a daily fluctuation), then a more appropriate model might be

b(t) = x1 + x2t + x3 sin t,

and the system of equations would have the form

x1 + x2(2) + x3(sin 2) = 1
x1 + x2(3) + x3(sin 3) = 6
x1 + x2(5) + x3(sin 5) = 4.

Also, there is nothing special about having three data points and three terms in the model.
If we wish to associate the data-fitting problem with a system of linear equations, then the
number of data points and the number of model terms must be the same. However, through
the use of least-squares models (see Section 1.5), it would be possible to have more data
points than model terms. In fact, this is often the case. Least-squares techniques are also
appropriate if there are measurement errors in the data (also a common occurrence).
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Figure 1.5. Fitting a quadratic function to data.

Let us return to the example of the quadratic model. We can write the system of
equations in matrix form as

( 1 2 4
1 3 9
1 5 25

) (
x1

x2

x3

)

=
( 1

6
4

)

,

or more generally,



1 t1 t2

1

1 t2 t2
2

1 t3 t2
3




(

x1

x2

x3

)

=
(

b1

b2

b3

)

.

If there weren data points and the model were of the form

b(t) = x1 + x2t + · · · + xnt
n−1,

then the system would have the form





1 t1 · · · tn−1
1

1 t2 · · · tn−1
2

...

1 tn · · · tn−1
n









x1

x2
...

xn



 =





b1

b2
...

bn



 .

We will often denote such a system of linear equations asAx = b.
For these examples the number of data points is equal to the number of variables.

Equivalently the matrixA has the same number of rows and columns. We refer to this as a
ÒsquareÓ system because of the shape of the matrixA. It is also possible to consider problems
with unequal numbers of data points and variables. Such examples, called Òrectangular,Ó
are discussed in Section 1.5.
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10 Chapter 1. Optimization Models

Table 1.1. Cabinet data.

Cabinet Wood Labor Revenue
Bookshelf 10 2 100
With Doors 12 4 150
With Drawers 25 8 200
Custom 20 12 400

1.4 Linear Optimization
A linear optimization model (also knows as a “linear program”) involves the optimization
of a linear function subject to linear constraints on the variables. Although linear functions
are simple functions, they arise frequently in economics, production planning, networks,
scheduling, and other applications. We will consider several examples. Further examples
are included in Section 1.7 and in Chapters 5–8. In particular, examples of network models
are discussed in Section 8.2.

Suppose that a manufacturer of kitchen cabinets is trying to maximize the weekly rev-
enue of a factory. Various orders have come in that the company could accept. They include
bookcases with open shelves, cabinets with doors, cabinets with drawers, and custom-
designed cabinets. Table 1.1 indicates the quantities of materials and labor required to
assemble the four types of cabinets, as well as the revenue earned.

Suppose that 5000 units of wood and 1500 units of labor are available. Let x1, . . . , x4
represent the number of cabinets of each type made (x1 for bookshelves, x2 for cabinets
with doors, etc.). Then the corresponding linear programming model might be

maximize z = 100x1 + 150x2 + 200x3 + 400x4
subject to 10x1 + 12x2 + 25x3 + 20x4 ≤ 5000

2x1 + 4x2 + 8x3 + 12x4 ≤ 1500
x1, x2, x3, x4 ≥ 0.

This problem can easily be expanded from four products (bookshelves, cabinets with
doors, cabinets without doors, etc.) to any number of products n, and from two resources
(wood and labor) to any number of resourcesm. Denoting the unit profit from product j by
cj , the amount available of resource i by bi , and the amount of resource i used by a unit of
product j by aij , the problem can be written in the form

maximize z =
n∑

j=1
cjxj

subject to
n∑

j=1
aij ≤ bi, i = 1, . . . , m

xj ≥ 0, j = 1, . . . , n.

Theproblemcanbewritten in amore compactmanner by introducingmatrix-vector notation.
Letting x = (x1, . . . , xn)

T, c = (c1, . . . , cn)
T, b = (b1, . . . , bm)T, and denoting the matrix
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Table 1.2. Work times (in minutes).

Worker Information Policy Claim

1 10 28 31
2 15 22 42
3 13 18 35
4 19 25 29
5 17 23 33

of coefÞcientsaij by A, the problem becomes

maximize z = cTx

subject to Ax ≤ b

x ≥ 0.

This is a typical example of a linear program. Here a linear objective function is to
be maximized subject to linear inequality constraints and nonnegativity constraints on the
variables. In the general case, the objective of a linear program may be either maximized
or minimized, the constraints may involve a combination of inequalities and equalities, and
the variables may be either restricted in sign or unrestricted. Although these may appear as
different forms, it is easy to convert from one form to another.

As another example, consider the assignment of jobs to workers. Suppose that an
insurance ofÞce handles three types of work: requests for information, new policies, and
claims. There are Þve workers. Based on a study of ofÞce operations, the average work
times (in minutes) for the workers are known; see Table 1.2.

The company would like to minimize the overall elapsed time for handling a (long)
sequence of tasks, by appropriately assigning a fraction of each type of task to each worker.
Let pi be the fraction of information calls assigned to workeri, qi the fraction of new
policy calls, andri the fraction of claims;t will represent the elapsed time. Then a linear
programming model for this situation would be

minimize z = t

subject to p1 + p2 + p3 + p4 + p5 = 1

q1 + q2 + q3 + q4 + q5 = 1

r1 + r2 + r3 + r4 + r5 = 1

10p1 + 28q1 + 31r1 ≤ t

15p2 + 22q2 + 42r2 ≤ t

13p3 + 18q3 + 35r3 ≤ t

19p4 + 25q4 + 29r4 ≤ t

17p5 + 23q5 + 33r5 ≤ t

pi, qi, ri ≥ 0, i = 1, . . . , 5.

The constraints in this model assure thatt is no less than the overall elapsed time. Since the
objective is to minimizet , at the optimal solutiont will be equal to the elapsed time.
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12 Chapter 1. Optimization Models

The problems we have introduced so far are small, involving only a handful of vari-
ables and constraints. Many real-life applications involve much larger problems, with
possibly hundreds of thousands of variables and constraints. Section 1.7 discusses some of
these applications.

Exercise5

4.1. Consider the production scheduling problem of the perfume Polly named after a
famous celebrity. The manufacturer of the perfume must plan production for the first
four months of the year and anticipates a demand of 4000, 5000, 6000, and 4500
gallons in January, February, March, and April, respectively. At the beginning of
the year the company has an inventory of 2000 gallons. The company is planning
on issuing a new and improved perfume called Pollygone in May, so that all Polly
produced must be sold by the end of April. Assume that the production cost for
January and February is $5 per gallon and this will rise to $5.5 per gallon in March
and April. The company can hold any amount produced in a certain month over to
the next month at an inventory cost of $1 per unit. Formulate a linear optimization
model that will minimize the costs incurred in meeting the demand for Polly in the
period January through April. Assume for simplicity that any amount produced in a
given month may be used to fulfill demand for that month.

1.5 Least-Squares Data Fitting
Let us re-examine the quadratic model from Section 1.3:

b(t) = x1 + x2t + x3t
2.

For the data points (2, 1), (3, 6), and (5, 4) we obtained the linear system
( 1 2 4
1 3 9
1 5 25

) (
x1
x2
x3

)

=
( 1
6
4

)

with solution x = (−21, 15, −2)T so that
b(t) = −21+ 15t − 2t2.

It is easy to check that the three data points satisfy this equation.
Suppose that the data points had been obtained from an experiment, with an observa-

tion made at times t1 = 2, t2 = 3, and t3 = 5. If another observation were made at t4 = 7,
then (assuming that the quadratic model is correct) it should satisfy

b(7) = −21+ 15× 7− 2× 72 = −14.
If the observed value at t4 = 7 were not equal to −14, then the observation would not be
consistent with the model.

5See Footnote 1 in the Preface for an explanation of the Exercise numbering within chapters.
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It is common when collecting data to gather more data points than there are variables
in the model. This is true in political polls where hundreds or thousands of people will be
asked which candidate they plan to vote for (so that there is only one variable). It is also true
in scientific experiments where repeated measurements will be made of a desired quantity.
It is expected that each of the measurements will be in error, and that the observations will
be used collectively in the hope of obtaining a better result than any individual measurement
provides. (The collective result may only be better in the sense that the bound on its error
will be smaller. Since the true value is often unknown, the actual errors cannot bemeasured.)

Since each of the measurements is considered to be in error, it is no longer sensible to
ask that the model equation (in our case b(t) = x1 + x2t + x3t

2) be solved exactly. Instead
we will try to make components of the “residual vector”

r = b − Ax =





b1 − (x1 + x2t1 + x3t
2
1 )

b2 − (x1 + x2t2 + x3t
2
2 )

...

bm − (x1 + x2tm + x3t
2
m)





small in some sense.
The most commonly used approach is called “least squares” data fitting, where we

try to minimize the sum of the squares of the components of r:

minimize
x

r21 + · · · + r2m =
m∑

i=1
[bi − (x1 + x2ti + x3t

2
i )]2.

Under appropriate assumptions about the errors in the observations, it can be shown that
this is an optimal way of selecting the coefficients x.

If the fourth data point was (7, −14)T, then the least-squares approach would give
x = (−21, 15, −2)T, since this choice of x would make r = 0. In this case the graph of
the model would pass through all four data points. However, if the fourth data point was
(7, −15)T, then the least-squares solution would be

x =
( −21.9422

15.6193
−2.0892

)

.

The corresponding residual vector would be

r = b − Ax =





0.0603
−0.1131
0.0754

−0.0226



 .

None of the residuals is zero, and so the graph of the model does not pass through any of
the data points. This is typical in least-squares models.

If the residuals can be written as r = b−Ax, then the model is “linear.” This name is
used because each of the coefficients xj occurs linearly in the model. It does not mean that
the model terms are linear in t . In fact, the model above has a quadratic term x3t

2. Other
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14 Chapter 1. Optimization Models

examples of linear models would be

b(t) = x1 + x2 sint + x3 sin 2t + · · · + xk+1 sinkt

b(t) = x1 + x2

1 + t2
.

ÒNonlinearÓ models are also possible. Some examples are

b(t) = x1 + x2ex3t + x4ex5t

b(t) = x1 + x2

1 + x3t2
.

In these models there are nonlinear relationships among the coefÞcientsxj . A nonlinear
least-squares model can be written in the form

minimize f (x) =
m∑

i=1

ri (x)2,

whereri (x) represents the residual atti . For example,

ri (x) ≡ bi − (x1 + x2ex3ti + x4ex5ti )

for the Þrst nonlinear model above. We can also write this as

f (x) = r(x) Tr(x).

If the model is linear, thenr(x) = b−Ax andf (x) can be shown to be a quadratic function.
See the Exercises.

Nonlinear least squares models are examples of unconstrained minimization problems,
that is, they correspond to the minimization of a nonlinear function without constraints on
the variables. In fact, they are one of the most commonly encountered unconstrained
minimization problems.

Exercises
5.1. Prove that for the linear least-squares problem withr(x) = b − Ax, the objective

f (x) = r(x) Tr(x) is a quadratic function.

1.6 Nonlinear Optimization
A nonlinear optimization model (also referred to as a Ònonlinear programÓ) consists of
the optimization of a function subject to constraints, where any of the functions may be
nonlinear. This is the most general type of model that we will consider in this book. It
includes all the other types of models as special cases.

Nonlinear optimization models arise often in science and engineering. For example,
the volume of a sphere is a nonlinear function of its radius, the energy dissipated in an electric
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Figure 1.6. Electrical connections.

circuit is a nonlinear functionof the resistances, the size of an animal population is a nonlinear
function of the birth and death rates, etc. We will develop two specific examples here.

Suppose that four buildings are to be connected by electrical wires. The positions of
the buildings are illustrated in Figure 1.6. The first two buildings are circular: one at (1, 4)T
with radius 2, the second at (9, 5)T with radius 1. The third building is square with sides of
length 2 centered at (3, ! 2)T. The fourth building is rectangular with height 4 and width 2
centered at (7, 0)T. The electrical wires will be joined at some central point (x0, y0)T and
will connect to building i at position (xi, yi)

T. The objective is to minimize the amount of
wire used. Let wi be the length of the wire connecting building i to (x0, y0)

T. A model for
this problem is

minimize z = w1 + w2 + w3 + w4

subject to wi =
!

(xi ! x0)2 + (yi ! y0)2, i = 1, 2, 3, 4,
(x1 ! 1)2 + (y1 ! 4)2 " 4

(x2 ! 9)2 + (y2 ! 5)2 " 1
2 " x3 " 4

! 3 " y3 " ! 1
6 " x4 " 8

! 2 " y4 " 2.

We assume here for simplicity that the wires can be routed through the buildings (if neces-
sary) at no additional cost.

The constraints in nonlinear optimization problems are often written so that the right-
hand sides are equal to zero. For the abovemodel this would correspond to using constraints
of the form

wi !
!

(xi ! x0)2 + (yi ! y0)2 = 0, i = 1, 2, 3, 4,

and so forth. This is just a cosmetic change to the model.
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16 Chapter 1. Optimization Models
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Figure 1.7. ArchimedesÕproblem.
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Figure 1.8. TrafÞc network.

As a second example we consider a problem posed by Archimedes. Figure 1.7
illustrates a portion of a sphere with radius r , where the height of the spherical segment is h.
The problem is to choose r and h so as to maximize the volume of the segment, but where
the surface area A of the segment is fixed. The model is

maximize v(r, h) = πh2(r − h
3 )

subject to 2πrh = A.

Archimedes was able to prove that the solution was a hemisphere (i.e., h = r).
As another illustration of how nonlinear models can arise, consider the network in

Figure 1.8. This represents a set of road intersections, and the arrows indicate the direction of
traffic. If few cars are on the roads, the travel times between intersections can be considered
as constants, but if the traffic is heavy, the travel times can increase dramatically.

Let us focus on the travel time between a pair of intersections i and j . Let ti,j be the
(constant) travel time when the traffic is light, let xi,j be the number of cars entering the road
per hour, let ci,j be the capacity of the road, that is, themaximumnumber of cars entering per
hour, and let αi,j be a constant reflecting the rate at which travel time increases as the traffic
get heavier. (The constant αi,j might be selected using data collected about the road system.)



book
2008/10/23
page 17!

!
!

!

!
!

!
!
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Then the travel time between intersectionsi andj could be modeled by

Ti,j (xi,j ) = ti,j + αi,j

xi,j

1 − xi,j /ci,j

.

If there is no trafÞc on the road (xi,j = 0), then the travel time isti,j . If xi,j approaches
the capacity of the roadci,j , then the travel time tends to+∞. Ti,j is a nonlinear function
of xi,j .

Suppose we wished to minimize the total travel time through the network for a volume
of X cars per hour. Then our model would be

minimize f (x) =
∑

xi,j Ti,j (xi,j )

subject to the constraints

x1,2 + x1,3 = X

x2,3 + x2,4 − x1,2 = 0

x3,4 − x1,3 − x2,3 = 0

x2,4 + x3,4 = X

0 ≤ xi,j ≤ cij .

The equations ensure that all cars entering an intersection also leave an intersection.
The objective sums up the travel times for all the cars.

A potential snag with this formulation is that if the trafÞc volume reaches capacity on
any arc (xi,j = ci,j ), the objective function becomes undeÞned, which will cause optimiza-
tion software to fail. A number of measures could be invoked to prevent this situation. One
alternative is to slightly lower the upper bounds on the variables, so thatxi,j ≤ ci,j − ε,
whereε is a small positive number. Alternatively we could increase each denominator in
the objective by a small positive amountε, thus forcing the denominator to have a value of
at leastε and thereby avoiding division by zero.

Our last example is the problem of Þnding the minimum distance from a pointr to
the set{x : aTx = b}. In two dimensions the points in the setS deÞne a line, and in three
dimensions they deÞne a plane; in the more general case, the set is called ahyperplane. The
least-distance problem can be written as

minimize f (x) = 1
2(x − r)T(x − r)

subject to aTx = b.

(The coefÞcient of one half in the objective is included for convenience; it allows for
simpler formulas when analyzing the problem.) Unlike most nonlinear problems this one
has a closed-form solution. It is given by

x = r + b − aTr

aTa
a.

(See the Exercises for Section 14.2.)
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The minimum distance problem is an example of a quadratic program. In general,
a quadratic program involves the minimization of a quadratic function subject to linear
constraints. An example is the problem

minimize f (x) = 1
2x

TQx

subject to Ax ≥ b.

Quadratic programs for which the matrixQ is positive definite are relatively easy to solve,
compared to other nonlinear problems.

1.7 Optimization Applications
In this section we present a number of applications that are of current interest to practitioners
or researchers. The models we present are but a few of the numerous applications where
optimization is making a significant impact.

We start by presenting two problems arising in the optimization of airline operations—
the crew scheduling and fleet scheduling problems. Both problems are large linear programs
with the added restriction that the variables must take on integer values.

Next we discuss an approach for pattern classification known as support vector ma-
chines. Given a set of points that all belong to one of two classes, the idea is to estimate a
function that will automatically classify to which of the two classes a new point belongs. In
particular we discuss the case where the classifying function is linear. The resulting problem
is a quadratic program. This topic is developed further in Chapter 14. Also in this section
we discuss a portfolio optimization problem that attempts to balance between the competing
goals of maximizing expected returns and minimizing risk in investment planning. This too
is a quadratic program.

Next we will discuss two optimization problems arising from medical applications.
One problem arises from planning for treatment of cancer by radiation, where the conflicting
goals of providing sufficient radiation to the tumor and limiting the dosage to nearby vital
organs give rise to a plethora of models which cover the spectrum from linear through
quadratic to nonlinear. The other problem arises from positron emission tomography (PET)
image reconstruction, where a model of the image that best fits the scan data gives rise to a
linearly constrained nonlinear problem. In both applications the optimization problems can
be very large and challenging to solve.

Finally we use optimization to find the shape of a hanging cable with minimum
potential energy. We present several models of the problem and emphasize the importance
of certain modeling issues.

1.7.1 Crew Scheduling and Fleet Scheduling

Consider an airline that operates 2000 flights per day serving 100 cities worldwide, with
400 aircraft of 10 different types, each requiring a flight crew. The airline must design a
flight schedule that meets the passenger demand, the maintenance requirements on aircraft,
and all other safety regulations and labor contract rules, while trying to be cost effective in
order to maximize profit.


